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1 Simulation Study

We simulated a data matrix Xn with N = 200 rows and p = 18 columns associated with

the underlying patterns induced by a continuous covariate, a discrete covariate, and a

random noise, so that each pattern of the data structure was completely described by

a covariate. The aim was to explore the clustering structure of the data points after a

covariate adjustment.

Pattern with a continuous covariate. A continuous model data matrix C200×18 was

constructed using the model cij = β0j + β1jyi, where yi = i/N , β0j = j/p, and

β1j ∼ a×uniform(0.8, 1.0), and where a = 1 when j = 1, · · · , p/2, and a = −1, when

j = p/2 + 1, · · · , p, i = 1, · · · , N, j = 1, · · · , p. The cij ’s were scaled into the range

(−2.8, 2.8) (see Figure 1(a), first row).

Pattern with a discrete covariate. A discrete model data matrix D200×18 was con-

structed using the model dij = αij + yi, where yi ∈ (0, 1, 2, 3, 4), and αij were

constants according to [(2.80, -0.48, -2.32), (-2.16, -3.19, 1.20), (-3.54, -1.23, -2.18),

(-4.98, -4.93, -2.62), (-2.11, -4.98, -1.63)], i = 1, · · · , N, j = 1, · · · , p. The sample size

nk for each category k = 1, · · · , 5 was {50, 20, 60, 30, 40}. The variable size pl for each
group l = 1, 2, 3 was {4, 6, 8}. The dij ’s were also scaled into the range (−2.8, 2.8)
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(see Figure 1(a), third row).

Random noise. A random noise data matrix N200×18 consisted of all data points

nij ’s generated from the standard normal (see Figure 1(a), second row).

The data matrix Xn with mixed patterns was then produced using C, D, and N,

shown in the second row of Figure 1(b). We also constructed two simpler noisy data

sets with only a single pattern, for comparison. The noisy data set Cn, with continuous

pattern, was obtained by summing C and N (Figure 1(b), first row), and the noisy data

set Dn, with discrete pattern, was obtained by summing D and N (Figure 1(b), third

row). The meaning of noisy here has two aspects: one is the Gaussian noise for numerical

values, the other is the random permutation for visualization, as shown in Figure 1(b).

The Pearson correlation matrix for columns and the Euclidean distance matrix for

rows were calculated for three model data sets and the three noisy data sets. The matrix

maps are shown in Figure 1(a) and (b). As can be seen, the structure of row proximity for

model data with a continuous covariate has a smooth transition pattern, while there is a

blocking effect with the discrete covariate. This is due to the rows of data being ordered

by the corresponding covariates. However, without suitable permutation, no meaningful

patterns can be observed in the noisy data sets.

We then applied R2E to the row and column proximities of the three noisy data sets, as

shown in Figure 1(c). Clearly, the permuted row proximity data map of the noisy data with

continuous or discrete pattern is close to that of the model data, and both covariates have

a good ordering. However, the sorted row proximity data map for the noisy data with

mixed patterns shows different structures than that with purely continuous or discrete

covariate. In this case, the continuous and discrete covariate cannot be ordered in a

meaningful way since the noisy data with mixed patterns mimics the real world data set

we observed. Without any covariate adjustment on the mixed noisy data set, the underly

pattern cannot be recovered. Applying WABA on Xn, the effect of the discrete pattern is

removed, and the pattern left is similar to that of the sorted noisy data with continuous

pattern (the left hand side of Figure 1(d)). On the other hand, applying adjustment for a

continuous covariate, the masked discrete pattern of the noisy data can be revealed as in

the right hand side of Figure 1(d). This clustering pattern is close to that of noisy data

with only a discrete pattern.

2 The psychosis disorder data

The between-component map B shown in Fig. 3(a) is permuted by an average-linkage

hierarchical clustering tree. By comparing B and R in Fig. 2, the negative correlations

of the mania symptoms (DL4, TH6-8) with the negative symptoms (NC1-ND4) and the

delusion/hallucination symptoms are mostly due to the patients’ diagnostic categories.
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The between-correlation map RB shown in Fig. 3(b) is permuted also by an average-

linkage hierarchical clustering tree. All correlations are either positive one or negative one

since there are only two diagnostic categories for patients. Two clusters (DL2-TH6) and

(NA7-NA6) are formed and are negatively correlated. For 50 between-eta correlations,

symptom TH6, with the darkest between-eta, ηB, has the most significant difference be-

tween schizophrenic and bipolar disorders.

Fig. 3(c) and (d) show the within-component and within-group correlation (also the

total correlations for the adjusted (residual) data) maps as sorted by the rank-two ellipse

ordering. Four new symptom groups are identified: (ND2-NE1), (TH5-TH7), (TH3-TH4),

and (DL4-DL6). Four symptoms NE1, DL2, BE1, and BE2 were grouped into the original

negative symptoms group. The symptoms in the TH (thought disorder) were grouped

into two highly correlated subgroups (TH3-TH4, Th5-TH7). All hallucination symptoms

(AH1-6) and most of the delusion symptoms (except DL2, DL3) were clustered together

after adjusting for patients’ diagnostic categories.
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Figure 1: The GAP approach for a covariate adjustment using the simulation data sets:

(a) the model data sets, (b) noisy data sets, (c) sorted data sets, and (d) covariate adjusted

and sorted data sets.
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(a) R

(b) Z

Figure 2: Adjustment for patients’ subtype in the psychosis disorder data: (a) the sorted

total correlation map R by the ellipse seriation for the 50 symptoms, (b) the z-score map

with slashes superimposed for reversed correlations in the most significant pairs.
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(a) B (b) RB

(c) W (d) RW

Figure 3: Decomposition of the Pearson correlation matrix for patients’ subtype in the

psychosis disorder data: (a) the sorted between-component mapB, (b) the sorted between-

group correlation map RB, (c) the sorted within-component map W, and (d) the sorted

within-group correlation map RW .
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